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the work of the polymath Eratosthenes (ca. 275-194
B.c.). His was a lasting contribution to the development
of mapping, and with some justification he has been
variously assigned a founding role in geography, car-
tography, and geodesy.*! Although we are acquainted
with his contribution only through later writers rather
than through his original texts,*” it is absolutely clear
that in two scientific endeavors he surpassed both his
predecessors and his contemporaries. The first of these
was his measurement of the circumference of the earth,
which was methodologically simple but brilliant.*> The
second was his construction of a world map based on
both parallels and meridians, which was of seminal im-
portance not only in the subsequent development of map
projections but also in the eventual scientific and prac-
tical use of maps. Such a cartographic invention was
equally applicable in chorographical or regional map-
ping and in geographical or world mapping, so that its
key significance for the history of the map needs to be
fully described.

Eratosthenes was born a Greek, in Cyrene (North
Africa); going to Athens as a young man, he took lessons
at one time from the Stoics and at another from the
Academicians, among whom he was particularly influ-
enced by Arcesilas of Pitane (Candarli), who had been
a disciple of the mathematician Autolycus. In the work
of Eratosthenes, as in that of his predecessors, the im-
portance of his mastery of the geometry of the sphere
and of the geocentric hypothesis cannot be overem-
phasized as providing the point of departure—as well
as the theoretical framework—for the development of
his cartographic ideas.** Eratosthenes’ scientific distinc-
tion later attracted the attention of Ptolemy I Euergetes,
king of Egypt 246-221 B.C. The king asked him to come
to Alexandria as tutor to his son Philopator (born ca.
245 p.c.) and to take over the direction of the library
when Apollonius left for Rhodes after adverse criticism
of his poem Argonautica. At Alexandria, Eratosthenes
was to compose two works on geographical subjects:
one, Measurement of the Earth, explained the method
used to find the circumference of the earth; the other,
entitled Geographica, in three books, gave instructions
for making a map of the inhabited world. Both works
are lost, but Strabo, who begins his own work by a
criticism of the Geographica, affords us fairly clear
knowledge of its contents, and Cleomedes of the second
century A.D. gives a brief summary of the Measurement
of the Earth.* '

From Cleomedes we learn that the method Erato-
sthenes used to evaluate the circumference of the earth
was based on the geometry of the sphere.*® According
to the geocentric hypothesis, by which the earth was
reduced to a point,” the sun’s rays are parallel when
falling on any point of the earth. It was known that
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Syene (Aswan) in Egypt was situated under the tropic;
at midday on the summer solstice there was no shadow,

41. Cortesdo, History of Portuguese Cartography, 1:78-79 (note
26); D. R. Dicks, “Eratosthenes,” in Dictionary of Scientific Biogra-
phy, 4:388-93 (note 30).

42. R. M. Bentham, “The Fragments of Eratosthenes of Cyrene”
{typescript for Ph.D. thesis, University of London, 1948—author died
before thesis was submitted); see also Die geographischen Fragmente
des Eratosthenes, ed. Hugo Becger (Leipzig: Teubner, 1898). We know
of Eratosthenes’ Geographica mostly through Strabo.

43. Gerald R. Crone, Maps and Their Makers: An Introduction to
the History of Cartography, Sth ed. (Folkestone, Kent: Dawson; Ham-
den, Conn.: Archon Books, 1978), 3.

44, In this respect Eratosthenes was heir to a continuous tradition
of mathematical learning that can be traced back at least as far as
Eudoxus, from whose day onward it is likely that treatises entitled
Sphaerica had existed. Autolycus of Pitane (fl. 310 B.c.) was clearly
a link in this chain of writers influencing Eratosthenes. Although Au-
tolycus’s textbook On the Sphere in Motiot, composed about 330
B.c., was not an original work, it was a competent summary of a
number of basic theorems concerning celestial phenomena for given
places of observation, and it explained clearly the geometric relation-
ship between the sky and the earth and the need for astronomical
knowledge to define the position on the earth of any place of obser-
vation. See Autolycus of Pitane, La sphére en monvement, ed, and
trans. Germaine Aujac, Jean-Pierre Brunet, and Robert Nadal (Paris:
Belles Lettres, 1979). It is also likely that the writings of Euclid (fl.
Alexandria ca. 300 B.c.) were known to Eratosthenes. The Elements
had been completed about 300 B.c., but Euclid was also the author
of a small treatise entitled Phaenomena, which applied specifically to
the celestial sphere the conclusions Autolycus drew for rotating spheres
in general. After establishing the geometry of the rotating celestial
sphere, Euclid examined the rising and setting of stars as a means of
measuring time at night; to do this he had to analyze the relationship
between the observer's horizon and the ecliptic on the celestial sphere,
which is different for each parallel on the earth. A brief summary of
this work is given by Pierre Chiron, “Les Phénomenes d’Euclide,” in
Liastronomie dans Pantiquité classique, Actes du Colloque tenu 2
I'Université de Toulouse—Le Mirail, 21-23 Octobre 1977 (Paris: Belles
Lettres, 1979), 83-89. For early spherical astronomy, see Otto Neu-
gebauer, A History of Ancient Mathematical Astronomy (New York:
Springer-Verlag, 1975), 748-67.

45. Cleomedes De motu circlari (note 30). The original Greek title
is KukAwk?) Oewpia 1@v Metedpow.

46. Cleomedes De motu circulari 1,10 (note 30). An English trans-
lation of book 1, chap. 10, appears in Cortesdo, History of Portuguese
Cartography, 1:141-43 (note 26).

47, In the geocentric hypothesis, as explained in Euclid's Phae-
nomena, the sky of the fixed stars was-compared to a sphere rotating
around one diameter called the world axis. In the middle, the earth
was reduced to a point that acted as center to the sphere; the fixed
stars moved along parallel circles (being on a rotating sphere, they
were all circles of the sphere perpendicular to the axis of rotation).
The greatest of these parallel circles Euclid recognized as the celestial
equator. But two other great circles were important: the oblique circle
of the ecliptic (called the “zodiac” by Euclid; see Chiron, “Phénoménes
d’Euclide,” 85 [note 44]), and the circle of the visible horizon (the
astronomical horizon dividing the visible celestial hemisphere from
the invisible one), which remained motionless during the apparent
motion of the celestial sphere (fig. 8.8). Euclid Phaenonena 1 and
prop. 1, see Euclid, Opera ommnia, 9 vols., ed. J. L. Heiberg and
H. Menge (Leipzig: Teubner, 1883-1916), vol. 8, Phaenomena et
scripta musica [and] Fragmenta (1916).
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the sun being exactly at the zenith.”® Supposing Alex-
andria to be on the same meridian as Syene (the differ-
ence is only 3°), Eratosthenes measured the angle be-
tween the direction of the sun and the vertical in
Alexandria at midday on the summer solstice. This an-
gle, one-fiftieth of a circle, was equal to the angle at the
earth’s center subtended by the arc of the meridian de-
fined by Syene and Alexandria. Estimating the distance
between the two towns at roughly 5,000 stades, Erato-
sthenes calculated the total circumference as 250,000
stades (fig. 9.4). He later extended the value to 252,000
so as to make it divisible by sixty.*’

riG. 9.4, ERATOSTHENES'® MEASUREMENT OF THE
EARTH. Eratosthenes worked with four assumptions: that
Syene was on the tropic (at the summer solstice, the sun was
thus directly overhead); that both it and Alexandria were on
the same meridian; that the distance between them was 5,000
stades; and that the sun’s rays were parallel. He knew that the
difference in latitude between Alexandria and Syene was equiv-
alent to the angle between the sun’s rays and the zenith at
Alexandria. From the lengths of a vertical stick (gnomon) and
its shadow, he calculated this angle to be one-fifticth of a circle.
Thus the earth’s circumference was estimated at 250,000

stades. :
After John Campbell, Introductory Cartography (Englewood
Cliffs, N.J.: Prentice-Hall, 1984), fig. 1.7.

Eratosthenes’ method for calculating the circumfer-
ence of the earth was sound, but its reliability depended
on the accuracy of his base measurements and other
assumptions. The angular distance between the two
cities is quite accurate (7°12" instead of the actual 7°7"),
but Syene is not directly on the Tropic of Cancer but
about 35’ to the north (using the modern figure for the
obliquity of the ecliptic), and Alexandria and Syene are
not on the same meridian. Furthermore, the distance
between Alexandria and Syene is given in stades, the
value of which has sparked considerable debate®® quite
apart from the question of the empirical source of the
distance thus recorded.*! Regardless of the actual value
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for the stade that Eratosthenes used or of the distance
he arrived at—he knew that the distance between the
two cities was a very rough estimate, as was his evalu-
ation of the terrestrial circumference—the importance
of his calculation lies in its influence. It is probable that
after he had measured the circumference of the earth,
Eratosthenes henceforth first established any distance in
latitude by astronomical means, or by reference to the
geometry of the sphere (the distance between equator
and tropic being fixed at four-sixtieths of the great circle,
for instance), and then evaluated this distance in stades.
Thus the distance between equator and tropic, which
had never been measured by surveyors, was said to be
16,800 stades.

The availability of knowledge of this estimate of the
earth’s circumference had three outstanding conse-
quences. First, it was now possible to work out through
geometry the length of every parallel circle on the earth.
The parallel of Athens, for example, was “less than two
hundred thousand stadia in circuit.”** Second, differ-
ences of latitude, found by gnomonic methods and ex-
pressed in fractions of the circle, could easily be con-
verted into stades. Third, it was now also possible to
define the size of the inhabited world and its position
on the surface of the terrestrial globe.

This third issue—the size and location of the inhabited
world—was of intense and continuing interest to the
Greeks, and having devised a method to answer this
question, Eratosthenes was to return to its exposition in
his Geographica. This work in three books is known to
us mainly through Strabo. It was intended to provide a
review and solution of all known problems involved in
drawing a map of the earth (gé-graphein) or, more pre-
cisely, a map of the inhabited world on the surface of
the terrestrial globe*® Starting from the theoretical
premise that the earth is spherical, albeit with “certain
irregularities of surface,”** Eratosthenes located the in-
habited world completely in the Northern Hemisphere
occupying the northern half of the distance between the
Tropic of Cancer and the equator and the entire distance

48, Strabo Geography 17.1.48 (note 10).

49, Fratosthenes divided the earth into sixtieths; the use of 360°
comes with Hipparchus.

50. On the matter of the modern value of the stade, see note 3
above,

51. Cortesio, History of Portuguese Cartography, 1:82 (note 26),
speculates that Egyptian cadastral surveys may have been available to
Eratosthenes in his calculation of the distance between the two points
of observation.

§2. Eratosthenes, in Strabo Geography 1.4.6 (note 10).

53. Eratosthenes was the first author to attempt this. His work began
with a short history of geographical science from the time of Homer
and the first mapmakers.

54, Strabo Geography 1.3.3 (note 10).
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between that tropic and the polar circle. He calculated
its width from north to south along the meridian that
runs through Meroé, Alexandria, and Rhodes, resulting
in a distance of 38,000 stades. Strabo described the over-
all shape of the oikoumene as somewhat like a chlamys,
a Macedonian cloak perhaps resembling the shape in
fig. 9.5.%% Its length from west to east, however, he de-
termined in accordance with an established concept, that
its length was more than double the known breadth.

716, 9.5. THE CHLAMYS. This is the possible form of a
common style of Macedonian cloak used by Strabo to illustrare
the shape of the oikowmene. The top could be either straight
or slightly curved.

Reconstructed from the description in The Geography of
Strabo, 8 vols., ed. and trans. Horace Leonard Jones, Loeb
Classical Library (Cambridge: Harvard University Press; Lon-
don: William Heinemann, 1917-32), 2.5.6 and p. 435 n. 3.

Eratosthenes first described the distance from the
capes of India to the extremities of Iberia as roughly
74,000 stades. Then (according to Strabo) Eratosthenes
added 2,000 more stades to both west and east to keep
the breadth from being more than half the length.*® The
total length thus became 78,000 stades.

The determination of the length of the inhabited world
from India to Iberia was reckoned along the parallel of
Athens. Eratosthenes believed this was less than 200,000
stades in circuit, “so that, if the immensity of the Atlantic
Sea did not prevent, we could sail from Iberia to India
along one and the same parallel over the remainder of
the circle, that is, the remainder when you have sub-
tracted the aforesaid distance, which is more than a third
of the whole circle.”*” In fact, using a value for the
circumference of the earth of 252,000 stades, 78,000
stades on the parallel in question is approximately
equivalent to 138° of longitude, which is roughly the
distance between the western coast of Spain and Korea
rather than India.

It is not surprising that for many centuries to come
values representing latitude were always much more re-
liable than those for longitude. Familiar with the
geometry of the sphere, the Greeks were fairly well
equipped to derive latitudes from direct observations of
the sun and stars. In this respect, straightforward cal-
culations could be undertaken to test the information of
travelers. For longitudes the results were much less re-
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liable, since it was necessary to observe an eclipse of the
moon or other celestial body simultaneously from dif- -
ferent places to obtain exact distances between them.
Instead, the Greeks had to accept distances given by the
itineraries without being able to verify them astronom-
ically.

According to Strabo, it was in the third book of Geo-
graphica that Eratosthenes explained how to draw a map
of the world:

Eratosthenes, in establishing the map of the inhabited
world, divides it into two parts by a line drawn from
west to east, parallel to the equatorial line; and as
ends of this line he takes, on the west, the Pillars of
Heracles [Straits of Gibraltar], on the east, the capes
and most remote peaks of the mountain-chain that
forms the northern boundary of India. He draws the
line from the Pillars through the Strait of Sicily [Straits
of Messina] and also through the southern capes both
of the Peloponnesus and of Attica, and as far as
Rhodes and the Gulf of Issus [Gulf of Iskenderun,
Turkey]; . . . then the line is produced in an ap-
proximately straight course along the whole Taurus
Range as far as India, for the Taurus stretches in a
straight course with the sea that begins at the Pillars,
and divides all Asia lengthwise into two parts, thus
making one part of it northern, the other southern;
so that in like manner both the Taurus and the Sca
from the Pillars up to the Taurus lie on the parallel
of Athens.*®

We can see from this passage that Eratosthenes had
adopted the idea of the diaphragma (if not the term)
introduced by Dicaearchus to divide the known world
by means of a line parallel to the equator, drawn from
west to east, beginning at the Straits of Gibraltar and
running through Athens and Rhodes to India. It is also
clear from other passages in Strabo that Eratosthenes
drew a central perpendicular meridian through Rhodes,
for he lists the places through which this passes and the
distances between them.’® Eratosthenes used very rough
estimates and round numbers. The south-north distances
(in stades) he provided between the following regions or
towns were:

Between Stades

Cinnamon country and Meroé 3,400
Meroé and Alexandria 10,000
Alexandria and Hellespont about 8,100
Hellespont and river Borysthenes 5,000

River Borysthenes and parallel of about 11,500

Thule
Total
(Strabo Geography 1.4.2).

55. Strabo Geography 2.5.6 (note 10).

56. Strabo Geography 1.4.5 (note 10).

57. Eratosthenes, in Strabo Geography 1.4.6 (note 10).
58. Strabo Geography 2.1.1 (note 10).

59. Strabo Geography 2.5.42 (note 10).

38,000
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424 NEWTON’S MATHEMATICAL PRINCIPLES

occasioned by some spots in that part of its body, which is then turned
towards the carth, as M. Cassini has observed. So also the utmost satellite
of Jupiter seems to revolve about its axis with a like motion, because in that
part of its body which is turned from Jupiter it has a spot, which always
appears as if it were in Jupiter's own body, whenever the satellite passes
between Jupiter and our eye.

PROPOSITION XVIII. THEOREM XVI
That the axes of the planets are less than the diameters drawn
perpendicular to the axes.

The equal gravitation of the parts on all sides would give a spherical
figure to the planets, if it was not for their diurnal revolution in a circle,
By that circular motion it comes to pass that the parts receding from the
axis endeavor to ascend about the equator; and therefore if the matter is
in a fluid state, by its ascent towards the equator it will enlarge the diameters
there, and by its descent towards the poles it will shorten the axis. So the
diameter of Jupiter (by the concurring observations of astronomers) Is
found shorter between pole and pole than from east to west. And, by the
same argument, if our earth was not higher about the equator than at the
poles, the seas would subside about the poles, and, rising towards the equa-
tor, would lay all things there under water.

J
PROPOSITION XIX. PROBLEM II1I
To find the proportion of the axis of a planet to the diameters
perpendicular thereto.

Our countryman, Mr. Norwood, measuring a distance of gosy51 feet of
London measure between London and York, in 1635, and observing the
difference of latitudes to be 2° 28, determined the measure of one degree
to be 367196 feet of London measure, that is, 57300 Paris toises. M. Picard,
measuring an arc of one degree, and 22° 55”7 of the meridian between
Amiens and Malvoisine, found an arc of one degree to be 57060 Paris toiscs.
M. Cassini, the father, measured the distance upon the meridian from the
town of Collioure in Roussillon to the Observatory of Parisy and his son
added the distance from the Observatory to the Citadel of Dunkirk. The
whole distance was 486156%% toises and the difference of the latitudes of
Colliowre and Dunkirk was 8 degrees, and 317 1136”, Hence an arc of one
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degree appears to be 57061 Paris toises. And from these measures we con-
clude that the circumference of the earth is 123249600, and its semidiameter
19615800 Paris fect, upon the supposition that the carth is of a spherical
figure.

In the latitude of Paris a heavy body falling in a second of time describes
15 Paris feet, 1 inch, 1% lines, as above, that is, 2173% lines, The weight of
the body is diminished by the weight of the ambient air. Let us suppose the
weight lost thereby to be 1yo00 part of the whole weight; then that heavy
body falling in a vacuum will describe a height of 2174 lines in one second
of time.

A body in every sidereal day of 23h. 56m. 4% uniformly revolving in a cir-
cle at the distance of 19615800 feet from the centre, in one second of time
describes an arc of 1433.46 feet; the versed sine of which is 0.0523656t fect,
or 7.54064 lines. And therefore the force with which bodies descend in the
latitude of Paris is to the centrifugal force of bodies in the equator arising
from the diurnal motion of the earth as 2174 to 7.54064.

The centrifugal force of bodies in the equator is to the centrifugal force
with which bodies recede directly from the earth in the latitude of Paris,
48° 50" 10”, as the square of the ratio of the radius to the cosine of the lati-
tude, that is, as 7.54064 to 3.267. Add this force to the force with which
bodies descend by their weight in the latitude of Paris, and a body, in the
latitude of Paris, falling by its whole undiminished force of gravity, in the
time of one second, will describe 2177.267 lines, or 15 Paris feet, 1 inch, and
5.267 lines. And the total force of gravity in that latitude will be to the cen-
trifugal force of bodies in the equator of the carth as 2177.267 to 7.54064, or
as 28g to 1.

Therefore if APBQ represent the figure of the

earth, now no longer spherical, but generated A

by the rotation of an ellipse about its lesser axis

PQ; and ACQgca a canal full of water, reaching

from the pole Qg to the centre Ce, and thence ris- e g
C Q

ing to the equator Aa; the weight of the water
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426 NEWTON'S MATHEMATICAL PRINCIPLES

circular motion sustains and takes off one of the 289 parts of the weight
(in the one leg), and the weight of 288 in the other sustains the rest. But
by computation (from Cor. 1, Prop X1, Book 1) I find, that, if the mat-
ter of the earth was all uniform, and without any motion, and its axis PQ

were to the diameter AB as 100 to 101, the force of gravity in the place

Q towards the earth would be to the force of gravity in the same place Q
towards a sphere described about the centre C with the radius PC, or QC,
as 126 to 125. And, by the same argument, the force of gravity in the place
A towards the spheroid generated by the rotation of the ellipse APBQ
about the axis AB is to the force of gravity in the same place A, towards the
sphere described about the centre C with the radius ACG, as 125 to 126, But
the force of gravity in the place A towards the earth is a mean proportional
between the forces of gravity towards the spheroid and this sphere; because
the sphere, by having its diamcter PQ diminished in the proportion of 101
to 100, is transformed into the figure of the carth; and this figure, by having
a third diameter perpendicular to the two diameters AB and PQ diminished
in the same proportion, is converted into the said spheroid; and the force
of gravity in A, in either case, is diminished nearly in the same proportion.
Therefore the force of gravity in A towards the sphere described about the
centre Cwith the radius AC, is to the force of gravity in A towards the earth
as 126 is to 125%, And the force of gravity in the place Q towards the sphere
described about the centre C with the radius QC, is to the force of gravity
in the place A towards the sphere described about the centre C with the
radius AC, in the proportion of the diameters (by Prop. Lxxir, Book 1), that
is, as 100 to 101. If] therefore, we compound those three proportions 126 to
125, 126 to 125%, and 100 to 1071, into one, the force of gravity in the place
Q towﬂ{thc carth will be to the force 6F_gri\'it)f in the place A towards
the earth as 126 126 100 to 125-125% 101; Or A5 50T to 500.

Now since (by Cor. 111, Prop. xci, Book 1) the force of gravity in cither
leg of the canal ACca, or QCrq, is as the distance Brihc places from the
centre of the earth, if those legs are conceived to be divided by transverse,
parallel, and equidistant surfaces, into parts proportional to the wholes, the
weights of any number of parts in the one leg ACca will be to the weights
of the same number of parts in the other leg as their magnitudes and the
accelerative forces of their gravity conjointly, that is, as ro1 to 100, and 500
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to 501, or as 505 to 501, And thercﬁ?rc if the c?ntrifugal fo:'cc of .cxlretryfpta;f;
in the leg ACeq, arising from the diurnal motion, was to the weight o his
same part as 4 to 505, so that from the weight o_f every part, fc‘oncelf}fﬁl X
be divided into 505 parts, the ccntrifuga! force might take off l(‘our (;1 t ﬂw.sd
parts, the weights would remain equal in ca_ch leg, and therefore the _ui

would rest in an equilibrium. But the ccnmlfugal forcc.of evt;y part Ls Ic:
the weight of the same part as 1 to 289; th::t is, the centrifugal orhcc, '?' ic I
should be 555 parts of the weight, is qn]y 755 partlthercoﬁ And{, t crckor;:;le
say, by the rule of proportion, that if the centnﬁlgall fo;ctlz 5%1 1:1;1 itr:l T
height of the water in the leg ACea to clxcccd the heig ht 0 i 1; wa eri_ the
leg QCeq by 15 part of its whole height, the ccrlltrlfuga orc,e] 2?91\ :
make the excess of the height in the leg ACca only zs9 part of the heig 1}tlo

the water in the other leg QCcq; and therefore the diameter of tl}:: c:llr;.__:;
the equator’ is to its diameter from pole to._pole as 230 t'o 229. And sin :
the mean semidiameter of the earth, accordmg to Picard'’s mensur_:;uont,he
19615800 Paris feet, or 3923.16 miles (reckoning sooo feet tofa mile), e
carth will be higher at the equator than at the poles by 85472 feet, or 17710

* miles. And its height at the equator will be about 19658600 feet, and at the

s 19573000 feet. . o

pollfc', thgeszinsity and periodic time of the diurnal revolution rcmémmi :EZ
same, the planet was greater or less than the earth, the proportion o !

centrifugal force to that of gravity, and therefore also (I)f' thé d1amctf:r t]i
tween the poles to the diameter at the equator, would lIkCWIlSC remain th

same. But if the diurnal motion was accelerated or {et:}n:led in anylpr.op(:r—
tion, the centrifugal force would be augmentc.d or diminished nearly in t,-ﬁ
same proportion squared ; and therefore the dlECICDFC of the dlamctcArs :;1'[
be increased or diminished in the same squar'cd ratio, very nearly. nd i

the density of the planet was augmented or diminished in any prop(clwftu-m,
the force of gravity tending towards it wpufd also be augm.f:ntcd or 1m11r1-
ished in the same proportion: and the di.ﬂcrcnce of the dnamctc.rs on the
contrary would be diminished in proportion as the force f)f gravity is Tu%
mented, and augmented in proportion as the force of gravity is ‘.jlm”;ls 16?: .
Therefore, since the earth, in respect of the ﬁ?ced stars, reyolvcs in 23h. 56m,,
but Jupiter in g, 56™,, and the squares of. their pcr}odlc times are a; 29105,
and their densities as 400 to 94%, the difference of the diameters of Jupiter

[* Appendix, Note 41.]
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HISTORICAL INTRODUCTION

1. Newton

TuE study of the gravitational equilibrium of homogeneous uniformly
rotating masses began with Newton'’s investigation on the figure of the
earth (Principia, Book III, Propositions XVIII-XX). Newton showed
that the effect of a small rotation on the figure must be in the direction
of making it slightly oblate; and, further, that the equilibrium of the
body will demand a simple proportionality between the effect of rotation,
as measured by the ellipticity,

e equatorial radius—polar radius (1)

the mean radius (R)

and its cause, as measured by

centrifugal acceleration at the equator

™= mean gravitational acceleration on the surface
QR QR? ()
T GM|R: T GM’

where @ denotes the constant of gravitation and M is the mass of the
body. More precisely, Newton established the relation

€= §m (3)

in case the body is homogeneous. The arguments by which Newton
derived this relation are magisterial; and they are worth recalling.
Newton imagined a hole of unit cross-section drilled from a point on
the equator to the center of the earth and a similar hole drilled from the
pole to the center; and he further imagined that the ““canals” so con-
structed were filled with a fluid (see Fig. 1, after Newton’s original
illustration in the Principia).” From the fact that the fluid in the canals
will be in equilibrium, Newton concludes that the “weights” of the
equatorial and the polar columns of the fluid must be equal. However,
along the equator the acceleration due to gravity is “diluted” by the
centrifugal acceleration; and since both these accelerations in a homo-
geneous body vary from the center proportionately with the distance,

T e oy T T A T e e e P P g [T
g 1 " = ? Ty




2 HISTORICAL INTRODUCTION Chap. 1

the “dilution factor” remains constant and is given by its value at the
boundary, namely m.

If a denotes the equatorial radius, the weight of the equatorial column
is given by

weight of equatorial column = }ag,quator(1—m), (4)

where goquator 18 the acceleration due to
gravity at the equator. Similarly, if b
denotes the polar radius,

weight of polar column = }bg, .. (5)

- Aa
.C é And since the two weights must be equal,
' B

agcquator(l'_"m) == bgpo!E' (6)
But for a slightly oblate body Newton
knew that

Hrole |y 4o d0(eY. (7)

Fia. 1. Illustration from the '

Principia bearing on Newton's

arguments for the rotational flat-  Equations (6) and (7) and the definition

i h h, p
tening of the earth of € (= I—b/(t) now give

1—m = (1—e)(14+4€) +0(e?) = 1—$e+O(e?); (8)
and Newton’s relation (3) follows.
It was known already in Newton’s time that

m=gly. (9)
Therefore, Newton concluded that if the earth were homogeneous, it
should be oblate with an ellipticity
¢ = {70 ~ Tho- (10)
This prediction of Newton was contrary to the astronomical evidence
of the time and “two generations of the best astronomical observers
formed in the school of the Cassinis struggled in vain against the
authority and reasoning of Newton (Todhunter’s History, 1, 100). The
opposing ideas of Newton and Cassini are strikingly illustrated in the
accompanying old caricature (Fig. 2). However, geodetic measurements
made in Lapland by Maupertuis and Clairaut (1738) afforded data which
conclusively showed the flattening of the earth at the poles. As Tod-
hunter has written (1, 100), “The success of the arctic expedition may
be ascribed in great measure to the skill and energy of Maupertuis; and
his fame was widely celebrated. The engravings of the period represent
him in the costume of a Lapland Hercules having a fur cap over his eyes;
with one hand he holds a club and with the other he compresses the

51 HIS'

terrestrial globe.” And’
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wrote Vouz awv
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2. Maclaurin
The next advance (17
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other he compresses the

LR

§1 HISTORICAL INTRODUCTION 3

terrestrial globe.” And Voltaire, then Maupertuis’ friend, congratulated
him warmly for having “aplatiles poles et les Cassini.” Later Maupertuis
and Voltaire became involved in a heroic-comic controversy and Voltaire

wrake Vouz avez confirmé dans les lieux pleins d’ennui

Ce que Newton connut sans sortir de chez lui.

Pole
Pole
Pole
Pole
NE:WTON CASSINI

Fre. 2. An old-time caricature of the controversy
between the opposing schools of Newton and Cassini
with respect to the figure of the earth,

We know now that the actual ellipticity of the earth (~ 1/294) is
substantially smaller than Newton’s predicted value (~ 1/230); and this
discrepancy is interpreted in terms of the inhomogeneity of the earth.

2. Maclaurin

The next advance (1742) in the theory was due to Maclaurin who
generalized Newton’s result to the case when the ellipticity caused by
the rotation cannot be considered small,

Maclaurin had solved earlier the problem of the attraction of an oblate
spheroid at an internal point; and he had shown in particular that the
aceeleration due to gravity at the equator and at the poles have the values

1—e2)t |
Jequator = 2WGP{L—(T)— [sin—te—e(l—e?)]

(1—e?)

and Ipote = 4mGpa 5

[e—(1—e?)}sin-te], (11)
where p is the density of the spheroid, « its semi-major axis, and e its
eccentricity. And since both the centrifugal acceleration in the equatorial
plane and the acceleration due to gravity vary linearly with the coordi-

nates, Newton’s argument applies to this case equally well and we can
write
gequator_'a'Qz = gpole(l_ez)}l

1
or ) 0 = a [gequator_gpo]c(l _32)}]_ (12)
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A mapof Lapland
compiled by the French
scientist Maupertuis in

1736-37. to show his
triangulation of a degree
of a meridian. He hegan

al Tornio (Torned) at
65°50" N and stopped al

Kittis Mowntain just

shorl of 66°50°N and just
north of the Aretic Circle.
His calculation, when
compared with the length
of a degree in France and
on the equator in Peru,
showed that the Earth was
stightly fattened al the
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